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Abstract .  This  paper  discusses  primarily  the  idea  of  gcnericity  in 
bifurcation  theory  for  one  and  two  parameter  problems.  Recent  results 
on  homoclinic  points  are  mentioned  as  well  as  a  connection  between  the 
bifurcation  function  and  dynamic  behavior. 

My  objective  in  this  lecture  is  to  point  out  some  trends  in  the 
theory  of  bifurcation  in  differential  equations  and  tlie  manner  in 
wlilch  very  abstract  theory  has  an  influence  on  the  basic  understanding 
of  specific  examples.  Tlie  examples  will  be  in  low  dimension  -  never 
more  than  three.  This  choice  is  not  made  because  examples  never  arise 
in  higher  dimensions.  In  fact,  some  of  the  most  interesting  applica¬ 
tions  of  bifurcation  theory  today  concern  infinite  dimensional  systems 
-  partial  differential  equations,  functional  differential  equations  or 
various  types  of  Integral  equations.  Even  thougli  the  original  problem 
is  of  higher  dimension,  the  essential  Ingredient  to  bifurcation  often 
is  determined  by  a  vector  field  in  a  low  dimensional  space.  The 
appropriate  space  is  obtained  from  the  theory  of  integral  manifolds 
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Bifurcation  Theory 


which  is  discussed  by  Marsden  [16]  at  this  conference. 

hven  though  I  will  not  attempt  to  give  an  historical  perspective  on 
bifurcation  theory,  a  careful  study  of  the  literature  shows  that 
Poincare  [26],  [27]  and  Lyapunov  [lA] ,  [15]  arc  responsible  for  tlie 
basic  philosophy  as  well  as  several  of  the  fundamental  ideas  of  the 
methods  that  we  presently  employ.  One  can  find  a  direct  link  with  tlie 
importance  of  exchanges  of  stability,  the  reduction  principle  to  lower 
dimensional  problems,  the  philosophy  of  genericity  and  the  transforma¬ 
tion  theory  so  relevant  to  obtaining  approximations  of  the  center 
manifold  and  the  flow  on  the  center  manifold.  In  many  respects,  we 
arc  still  exploiting  the  ideas  and  methods  of  these  two  giants. 

A  fundamental  step  toward  modern  bifurcation  theory  in  differential 
equations  was  made  by  Andronov  and  Pontryagln  [3]  when  they  gave  a 
definition  of  structural  stability  in  ttic  plane.  To  avoid  the  diffi¬ 
culties  that  arise  from  the  noncompactness  of  tlie  plane,  they  restrict¬ 
ed  the  discussion  to  the  interior  of  a  closed  curve  without  contact  to 
any  of  the  vector  fields  to  be  considered.  Two  vector  fields  X,Y  in 
C.  ,  k  >  I ,  are  equivalent  if  the  tralectories  of  one  are  hiv.neiimorphlc.  to 
the  other.  This  is  an  equivalence  relation  among  vector  fields.  X  is 
structurally  stable  if  every  Y  in  a  neighborhoed  of  X  is  equivalent 
to  X.  The  set  of  structurally  stable  systems  is  open  and  dense  and 
characterized  by  the  following  properties:  every  critical  point  and 
periodic  orbit  is  hyperbolic  and  no  orbit  connects  saddles. 


One  can  now  say  X  is  a  bifurcation  point  (a  vector  field  for  which 
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a  perturbation  could  lead  to  a  bifurcation)  if  X  is  structurally 
unstable;  that  is,  not  structurally  stable.  It  is  impossible  to  study 
the  behavior  of  all  vector  fields  in  the  neipjiborliood  of  an  arbitrary 
bifurcation  point;  Cor  example,  X  ••  0  is  a  bifurcation  point  and  any 
flow  in  the  plane  can  be  obtained  by  choosing  an  appropriate  Y  near 
zero.  This  is  where  the  idea  of  genericity  enters  bifurcation  theory. 
One  must  find  those  bifurcation  points  X  which  have  tlie  property 
that  the  simplest  possible  bifurcations  occur  near  X.  Andronov  and 
Leontovich  [l]  made  this  precise  by  defining  structural  Instability  of 
degree  k  (or  blfurcat ion  point  of  degree  k) . 

The  vector  field  X  is  a  bifurcation  point  of  degree  0,  if  it  is 
structurally  stable.  .X  is  a  bifurcation  point  of  degree  1,  if  there 
is  a  neighborhood  of  X  which  has  only  bifurcation  points  of  degree 
0,  or,  ones  which  are  equivalent  to  X.  It  Is  a  bifurcation  point  of 
degree  2,  if  there  is  a  neighborhood  containing  only  bifurcation 
points  of  degree  0  or  1,  or,  ones  which  are  equivalent  to  X. 
Similarly,  one  defines  degree  k. 

It  can  bo  showi^  (sec  Andronov  et  al  [2],  Sotomayor  [29])  Chat  k  >  3 
implies  X  being  a  bifurcation  point  of  degree  1  is  equivalent  to 
the  fact  that  there  is  a  neighborhood  U  of  X  such  that 
U  •"  U  r  U  U2  where  T  is  a  smooth  submanifold  of  codimonslon  one, 
Uj^,U2  are  open  sets  belonging  to  distinct  equivalence  classes  of 
structurally  stable  systems.  I'urthermore,  X  is  a  bifurcation  point 


of  degree  1,  If  and  only  if  exactly  one  of  the  following  alternatives 
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hold  as  one  passes  through  X  from  to  U., ; 

(1)  Two  limit  cycles  coalesce  and  disappear 
(ll)  A  focus  loses  Us  hyperhol Ic I t y  ami  a  periodic  orbit  appears 
(elementary  llopf  bifurcation) 

(ill)  A  saddle  and  node  coalesce  and  disappear 
(Iv)  There  Is  a  smooilt  Invariant  curve  containing  a  saddle  and 
node  which  coalesce,  disappear  and  the  invariant  curve 
becomes  a  periodic  orbit. 

(v)  trDX(0)/3x  0,  a  periodic  orbit  and  saddle  merge  to  form  a 
homocllnlc  orbit  (the  stable  and  vnistahle  manifolds  of  the 
saddle  Intersect)  at  X  and  then  the  Itomocllnlc  orbit 
disappears  leaving  only  the  saddle. 

The  fact  ttiat  only  two  possibilities  arise  In  a  nelgld'orhood  of  a 
bifurcation  point  of  degree  I  sv\ggests  that  this  is  the  typlc.al  or 
generic  situation  that  arises  In  the  discussion  of  one  parameter 
families  of  vector  fields.  Sotom.iyor  12‘1|  Itas  proved  this  Is  the  ease. 
In  f.ict.  In  the  f.imily  of  sim'oth  one  parameter  families  of  vector  fields 
In  C  ,  k  ^  the  set  which  contains  only  bifurcation  points  ot 
degree  0  or  I  Is  residual. 

Extensive  applications  of  these  results  to  the  theory  of  nonlinear 
oscillations  was  made  In  the  late  I'^.lO's  (see  Andronov,  Vltl  and 
Khalkln  (4l).  Most  of  the  results  In  the  literature  on  one  parameter 
problems  are  a  consequence  of  these  results. 

The  characterization  of  bifurcation  points  of  degree  two  has  recent- 
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Iv  been  completed,  but  the  detailed  results  will  not  be  given  here  (see 
Andronov  et  al  [2),  Sotomayor  [30],  [31],  Takens  [32],  Carr  [5]).  This 
theory  of  bifurcation  points  of  degree  two  can  bo  considered  tlic  typical 
or  generic  situation  for  two  parameter  families  of  vector  fields. 

Genuine  two  parameter  problems  frequently  arise  in  applications  and 
often,  the  tendency  is  to  scale  the  parameters  in  terms  of  a  single 
small  parameter  in  order  to  use  some  classical  perturbation  procedure. 
Sometimes  it  is  possible  (but  with  considerable  effort)  to  show  that 
the  information  obtained  is  exactly  the  same  as  one  would  obtain  by 
allowing  the  original  parameters  to  vary  Independently.  In  other  cases, 
infoniuition  is  lost  by  scaling.  The  simplest  illustration  of  tills  is 
the  Hopf  bifurcation  when  the  degenerate  term  is  fifth  degree  rather 
than  cubic.  For  any  one  parameter  family  of  vector  fields  for  which 
the  eigenvalues  cross  the  imaginary  axis  with  non-zero  velocity,  it  can 
oe  sho\.m  that  only  one  periodic  orbit  will  be  obtained  (see  Chafee  [6]). 
If  the  eigenvalues  are  allowed  to  cross  with  zero  velocity,  two  orbits 
sometimes  appear  (see  Flockerzl  [lOl).  If  this  problem  is  discussed  in 
tlie  general  setting,  no  confusion  or  loss  of  information  occurs.  This 
result  for  Hopf  bifurcation  has  recently  been  applied  by  Chow,  et  al 

(8l. 

Interesting  applications  of  the  two  parameter  methods  for  the  equa- 
t  ion 

X  +  AjX  +  A^x  +  f(x,x)  -  0 
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have  been  given  by  Takens  [32],  Holmes  and  Marsden  [ll],  Carr  [5]  for 
the  case  when  f(x,0)  =  Bx  ,  8  0  and  by  Howard  and  Koppel  [12]  for 

f(x,0)  =  8x^,  8/0. 

For  a  discussion  of  bifurcation  points  of  degree  greater  than  two, 
see  Andronov  et  al  [2],  Sotomayor  [30],  [31]. 

Wlien  the  dimension  of  the  system  is  >2,  the  class  of  structurally 
stable  systems  is  small  in  the  sense  that  it  is  not  a  residual  set. 

In  addition,  many  new  phenomena  occur  which  make  a  classification  of 
such  systems  extremely  difficult.  Much  of  the  modern  theory  of  dynamic¬ 
al  systems  is  an  tttempt  to  discover  a  residual  set  of  "simple"  dynamic¬ 
al  systems  -ones  which  can  be  classified  and  which  will  preserve  their 
essential  features  when  subjected  to  purturbations  (see  Smale  [28], 
Nitecki  [23],  Peixoto  [25],  Newhouse  [20],  Palis  and  Melo  [24]). 

Bifurcation  theory  is  not  as  well  understood.  In  dim  m  >  2,  much 
attention  has  been  devoted  to  the  appearance  of  strange  attractors 
through  bifurcation  from  a  homoclinic  orbit.  For  a  hyperbolic  fixed 
point  of  a  dif f eomorphism,  a  point  q  /  p  is  homoclinic  to  p  if  q 
is  in  the  Intersection  of  the  stable  and  unstable  manifolds  of  p.  It 
is  transverse  homoclinic  to  p  if  the  intersection  is  transversal.  A 
special  case  of  the  results  of  Newhouse  and  Palis  [21] ,  [22]  is  con¬ 
cerned  with  one  parameter  families  of  dif feomorphisms  f(x,X)  which 
have  the  stable  and  unstable  manifolds  of  p  at  A  =  0  tangent  at  q. 
Under  certain  conditions,  they  show  there  are  families  with  the  property 
that  there  is  an  infinite  nonwandering  set  for  each  X  <  0  and  the  map 
is  structurally  stable  for  each  X  <  0.  Furthermore,  there  are  in- 
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finitely  many  changes  in  the  topological  structure  as  X  0. 

Sewhouse  (19)  shows  each  of  these  systems  also  lias  infinitely  many 
sinks. 

The  abstract  theory  can  be  realized  for  a  planar  differential  equa¬ 
tion  with  periodic  coefficients 

r  +  g(y)  ■  +  X^fCt) 

where  f(t+l)  -  f(t)  and  the  equation  for  "  X.,  “  0  has  a  homo¬ 
clinic  orbit.  The  appearance  of  homoclinic  orbits  for  (X^.X,)  in  a 
neighborhood  of  zero  has  been  discussed  by  several  persons  including 
Mel'nikov  (17],  Morozov  [iS],  Holmes  (see  (11)),  Chow,  Hale,  Mallet- 
Paret  [7]  and  Hayashi  and  I’eda  (see  (33]).  The  most  complete  discus¬ 
sion  is  in  [7]  and  relies  only  on  classical  concepts  in  differential 
equations.  It  is  show  there  are  two  curves  in  (X^^ ,X.,) -space  which 
correspond  to  bifurcation  to  homoclinic  points.  In  a  neighborhood  of 
any  point  on  these  curves,  there  arc  infinitely  many  subharmonic  bi¬ 
furcations,  half  being  saddles  and  the  others  sinks.  This  example  thus 
gives  a  concrete  illustration  of  the  abstract  results  in  dif feomorphlsms. 

One  also  can  observe  this  type  of  bifurcation  in  a  more  generic  way 
by  considering  a  planar  equation 

X  "  X(x,X)  +  nf(t,x) 

where  f(t+l,x)  ■  f(r,x)  and  the  function  X(x,X)  at  \  =  0  is  a  bi¬ 
furcation  point  of  degree  one  satisfying  property  (v)  where  a  honocllnic 
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orbi^t  joins  a  saddle.  For  a  generic  class  of  f,  one  can  adapt  the 
methods  in  [7]  to  get  the  curve  of  bifurcation  to  homoclinic  points. 

The  theory  of  integral  manifolds  will  imply  the  existence  of  a  hyper¬ 
bolic  invariant  torus  M.  near  the  periodic  orbit  which  bifurcated 

A  ,li 

from  the  homoclinic  orbit  of  x  »  X(x,X).  One  can  show  there  are  sub¬ 
harmonic  bifurcations  on  M,  as  vary. 

A  ,U 

As  a  final  topic,  we  mention  a  recent  result  on  the  relationship 
between  the  dynamic  behavior  of  a  system  and  the  bifurcation  function 
obtained  by  the  method  of  Llapunov-Schmldt .  Consider  the  n-dimension 
equation 

(1)  x=Ax+f(t,x,A) 

where  f(t+l,x,\)  =■  f(t,x,A),  f(t,0,0)  =  0,3f (t ,0,0) /3x  =0,  A  is  a 
vector  parameter,  the  matrix  A  has  zero  as  a  simple  eigenvalue  and 
the  remaining  ones  with  negative  real  parts.  If  we  apply  the  method  of 
Liapunov-Schmidt  for  the  existence  of  1-periodic  solutions  for  (x,A) 
near  zero,  we  obtain  a  scalar  bifurcation  function  G(a,A)  depending 
on  a  scalar  a  and  A  whose  zeros  correspond  to  1-pcr iodic  solutions. 
Consider  Che  scalar  equation 

(2)  A  =  C(a,A) 


It  is  shown  by  deOllvcira  and  Hale  [9]  that  Che  stability  properties  of 
the  equilibrium  points  of  (2)  determine  the  stability  properties  of  the 
1-pcriodic  solutions  of  (1).  The  bifurcation  function  is  relatively 
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easy  to  approximate  since  it  only  requires  equating  Fourier  series. 

It  is  certainly  much  easier  than  averaging  techniques.  More  important¬ 
ly,  it  permits  a  complete  discussion  of  several  parameter  problems 
which  averaging  alone  cannot  do  since  it  requires  scaling  of  the  para¬ 
meters  and  an  application  of  the  Implicit  function  theorem.  The  re¬ 
sults  apply  directly  to  Hopf  bifurcation  since  one  can  arrive  at  (1) 
by  a  change  of  variables  with  t  representing  an  angle.  Certain  types 
of  infinite  dimensional  evolutionary  equations  also  can  be  discussed 
(see  [9]). 

The  extent  to  which  the  above  remarks  are  valid  where  A  has  a 
double  eigenvalue  zero  certainly  deserves  extensive  study.  The  problem 
is  difficult  because  of  the  possibility  of  the  appearance  of  invariant 
torii  and  homoclinic  points.  ^iThen  one  considers  a  three  dimension 
autonomous  equation  near  zero  for  which  the  linear  part  has  a  pair  of 
purely  Imaginary  eigenvalues  and  one  zero  eigenvalue,  a  change  of 
variables  leads  to  equation  (1)  in  the  plane  with  A  =  0  and  t  an 
angle  variable.  Langford  [13]  has  discussed  some  special  bifurcations 
in  this  case. 
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